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, $[13, 15]$ .
, . ,
, .
, , Lasserre [8] Parrilo[ll]
. ,
, .
, $n$ $f_{0},$ $fj(j=1, \ldots, m)$
;
$f_{0}(x)$ $f_{j}(x)\geq 0(j=1, \ldots, m),$ $x\in \mathbb{R}^{n}$ (1)
, 2
.
Lasserre , , 15
, .
, , Lasserre ,
, Lasserre
. , [14] .
2
, 2 (Sums of Squares) .
, $\mathbb{R}[x]$ $x=(x_{1,\}}\ldots x_{n})^{T}$ . $x$
$a=(a_{1}, \ldots, a_{n})^{T}$ , $x_{1}^{a_{1}}x_{2}^{a_{2}}\cdots x_{n}^{a_{n}}$ $x^{a}$ . ,




2. , $\mathcal{F}=\{a\in \mathbb{Z}_{+}^{n}|\mathrm{c}_{a}\neq 0\}$ , $f$ ,
, $f$ $\deg(f)=\max\{\sum_{i=1}^{n-}a_{i}.|a\in \mathcal{F}\}$ .
, 2 . , $P$ $x\in \mathbb{R}^{n}$
, $\Sigma$ ;
$\Sigma=\{p\in \mathbb{R}[x]|p(x)=\sum_{k=1}^{K}q_{k}(oe)^{2},q_{k}\in \mathbb{R}[x]\}$ .
, $\Sigma\subsetneq P$ [12]. ,
$r$ , $\Sigma_{r}=\{p\in\Sigma|\deg(p)\leq 2r\}$ , $\Sigma_{r}\subseteq\Sigma$ .
$\Sigma_{T}$ [11]:
21 $r$ $x$ ,
$u_{r}(x):=(1,x_{1}, \ldots,x_{n},x_{1}^{2}, x_{1}x_{2}, \ldots,x_{n}^{2}, \ldots, x_{n}^{r})^{T}$
, $u_{r}(x)$ $r$ . , $p\in\Sigma_{r}$
, $V$ :





$f(x)$ $oe\in \mathbb{R}^{n}$ . (2)
$f$ , $\infty$ , $\deg(f)=2r$ .
$f(x1, x2)=x1x2$ $\infty$ , (2)
$f^{*}$ . , $f^{*}$ ,
$f^{*}$ :
$p$ $f(x)-p\geq 0$ $(\forall x\in \mathbb{R}^{n})$ . (3)
, (3) . $p$ , , $x$
$f(x)-p\geq 0$ $p$ , . ,
$f(x)-p$ oe $p$ , $f(x)-p$ $\mathbb{R}^{n}$
$p$ . , (3)
:
$p$ $f(x)-p\in P$ . (4)
$P$ $\Sigma_{r}$ :
$p$ $f(x)-p\in\Sigma_{r}$ . (5)
3, $\Sigma_{r}\subsetneq P$ ,
((2) ) $=$ ((4) ) $\geq$ ((5) ) (6)
. , (5) .
$\ovalbox{\tt\small REJECT}^{-}\mathrm{e}$ 21 ,
:
$p$
$f(x)-p=u_{r}(x)^{T}Vu_{r}(x)$ $(\forall x\in \mathbb{R}^{n})$ , $V[succeq] O$ . (7)
, $V[succeq] O$ $V$ . (7)





. , $E0$ $(1, 1)$ 1 0 , E
, $A_{r}= \{a\in \mathbb{Z}_{+}^{n}|\sum_{j=1}^{n}aj\leq r\}$ .

































$-p=\mathrm{T}\mathrm{r}(VE_{0})$ , $c_{a}=\mathrm{T}\mathrm{r}(VE_{a})$ , $a\in A_{2r}\backslash \{0\}$ , (8)
$V[succeq] O$ .
(8) , , ,
(8) . 2.1 ffl
$\mathfrak{s}._{-}-\Re=$
-p, (6) ,
((2) 7J ) $\geq$ ( (8) $\{\mathrm{g}\llcorner$ )
4. , (8) , (2) .
, (8) $V$ , $(\begin{array}{l}n+rr\end{array})\mathrm{x}(\begin{array}{l}n+rr\end{array})$ ,
, $(\begin{array}{l}n+2rn\end{array})$ $r$ , (8) , ,
.
, [7] , $f$ , , $f$ $\mathcal{F}$
$A_{2r}$ ,









. , $f(x)= \sum_{i=1}^{n}x_{i}^{2r}$
, $\mathcal{G}^{*}=A_{r}$ , .
4
, (2) . ,
$f$ ,
.
$n$ $f$ , $S\in \mathbb{R}^{n\mathrm{x}n}$ :
$S_{ij}=.\{$
$\star$ $0=i)$ ,
$\star$ a\in F $a_{i}\geq 1$ $aj\geq 1$ ,
0 .
$\star$ . $S$ , $f$
.











5, $S$ , . , $S$ $G=$
$(V, E)$ :
$V$ $=$ $\{1, 2, \ldots, n\}$ ,
$E$ $=$ $\{(\mathrm{i},j)|i,j\in V, S_{ij}=\star\}$ .
$G$ , $\mathrm{C}=\{G_{1}, \ldots, C_{\ell}\}$ .
$C_{k}\subseteq V$ $(k^{\wedge}=1, \ldots, p)$ $A_{r}^{C_{k}}=$ { $a\in$ $|a_{i}=0$ , $\forall i\not\in C_{k}$ }
,
$f(x)-p= \sum_{k=1}^{\ell}u_{r}(x:A_{r}^{C_{k}})^{T}V_{k}u_{r}(x:A_{r}^{C_{k}})$
. , $C_{k}$ , $a\in \mathcal{F}$
$x^{a}$ $A_{2r}^{C_{k}}$ . , $f$ $x^{a}$ , .
, :
$p$ $\{$
$c_{a}= \sum_{k=1}^{\ell}\mathrm{T}\mathrm{r}(V_{k}E_{k,a})$ , $a\in\cup^{l}A_{2r}^{C_{k}}\backslash \{0\}k=1$ ’
. $p$
$-p= \sum_{k=1}\mathrm{T}\mathrm{r}(V_{k}E_{k,0})$
, $V_{1)}\ldots,$ $V_{\ell}[succeq] O$
(9)
, $E_{k,a}$ , $u_{r}(x:A_{r}^{C_{k}})u_{r}(x:A_{r}^{C_{k}})^{T}$ $x^{a}$ hf\epsilon ‘\Re , 0 1
.
4.2 $f(x)= \sum_{i=1}^{n-1}(x_{i}^{4}+2x_{i}x_{i+1}^{2}-x_{i+1}^{2})$ , 41 $S$ ,
$\text{ }$ $\text{ }$ $C_{k}$
$C_{k}=\{k, k+1\}$ , $(k=1, \ldots, n-1)$
. , $\deg(f)=4$ $r=2$ ,
$u_{r}(x:A_{r}^{C_{k}})=u_{2}(x:A_{2}^{C_{\mathrm{k}}})=(1,x_{k}, x_{k+1},x_{k}^{2},x_{k}x_{k+1}, x_{k+1}^{2})^{T}$
. , (9) $V_{k}$ } 6 $\mathrm{x}6$
,
$k=1\mathrm{U}^{l}A_{2r}^{C_{\mathrm{k}}}=\{0,x_{1_{1}}\ldots, x_{n}, x_{1}^{2}, x_{2}^{2}, \ldots, x_{n}^{2}, x_{1}x_{2}, x_{2}x_{3}, \ldots, x_{k}x_{k+1}, \ldots, x_{n-1}x_{n}\}$









, $G$ , ,
$\mathrm{N}\mathrm{P}$ , .
, $[4, 14]$ .
42 ,




, (5) , $\Sigma_{2}r$ $\Sigma_{2r}’$ . ,
$\Sigma_{2r}’\subset\Sigma$ ,
((9) ) $\leq$ ((8) ) \leq ((2)- )
. , (2) (8)
.
5
, , (1) [8] [6]




. , (1) , Lagrange $L(x, \psi)$ .
$oe\in \mathbb{R}^{n},$ $\psi\in\Sigma^{m}$ ,
$L(x, \psi)=f_{0}(x)-\sum_{j=1}^{m}f_{j}(x)\psi_{j}(x)$
$\Sigma^{m}$ $\Sigma$ $m$ . $\mathbb{R}^{m}$ $\mathbb{R}_{+}^{m}$ ,
$\Sigma^{m}$ , $\psi$ $\mathbb{R}_{+}^{m}$ , $L(x, \psi)$ ,
Lagrange .
$\psi$ , Lagralzge :
$L(x, \psi)$ $x\in \mathbb{R}^{n}$ .
$p^{*}(\psi)$ , $\psi\in\Sigma^{m}$ ,






, [6] , $\psi$ , (1) , (10)
.
, (10) , (1)
.
, (10) . , $\psi$
:
$L(x, \psi)$ $oe\in \mathbb{R}^{n}$ .
, :
$p$ $L(oe, \psi)-p\geq 0$ , $(\forall x\in \mathbb{R}^{n})$ .
$p$ , , $x$ $p$
, .
, , $\psi$ , $x$
$L(x, \psi)-p$ $x$ , . , $L(x, \psi)-p\in P$
. , , $P$ $\Sigma$ , :
$p$ $L(x, \psi)-p\in\Sigma$ .
, $\psi$ ,
$p$ $L(x, \psi)-p\in\Sigma$ , $\psi=(\psi_{1}, \ldots, \psi_{m})\in\Sigma^{m}$ .
. 21 , $\Sigma$ $\Sigma^{m}$
. , $L(x, \psi)-p$ $2r$ . , $2r$
$\psi_{i}$ . , H , $r\geq\lceil_{1}\mathrm{n}\mathrm{a}\mathrm{x}\{\deg(f_{j})\}/2\rceil$
. . $L(x, \psi)-p$ .- $2r$ , $\psi_{j}$ $r_{j}$
, 21 , , :
$p$
$L(x, \psi)-p=u_{r}(x)^{T}Wu_{r}(x)$ , $(\forall x\in \mathbb{R}^{n}),$ $W[succeq] O$
$\psi_{j}(x)=u_{r_{j}}(x)^{T}V_{j}u_{r_{j}}(x)$, $(j=1, \ldots, m,\forall x\in \mathbb{R}^{n}),$ $V_{j}[succeq] O$
, $\psi_{j}$ $L(oe, \psi)$ ,
$p$ 1
$f(x)- \sum_{i=1}^{m}f_{j}(x)u_{r_{j}}(x)^{T}V_{j}u_{r_{j}}(x)-p=u_{r}(x)^{T}Wu_{r}(x)\}$ $(\forall x\in \mathbb{R}^{n})$
1, $V_{j}[succeq] O$ .
(11)
. , , $W,$ $V\mathrm{i},p$ . $x$







, $r$ 1 , (12) 1
. , 72 $\Sigma$ , $\Sigma$ $\Sigma_{r}$ $\Sigma_{r_{j}}$
, (12) $p_{r},$ (1) $p^{*}$ ,
$p_{r}\leq p^{*}$ $(\forall r)$
. , $\Sigma_{r}\subset\Sigma_{r+1}$ ,
$p_{r}\leq p_{r+1}$ $(\forall r)$
. , [8] , ,
:
J m $p_{r}=p^{*}$
, [8] [2] $r=2,3$
.
, , , , 15
,
(1) ,




, (1) , ,
. , [6] .
, $u_{T}(x)$ , $W,$ $V_{j}$




, $Fj$ , $fj$ $\mathcal{F}j$ , $Fj=$ { $k|$ $a\in \mathcal{F}_{j}$ $a_{k}\geq 1$ }
. , $f_{1}(x)=1-x_{1}^{2}-x_{2}x_{5}$ ,
$\mathcal{F}_{1}=\{(0,0,0,0,0), (2,0,0,0,0), (0,1,0,0,1)\}$
, $F_{1}=\{1,2,5\}$ . , $V_{j}$
. , $L(x, \psi)-p$ $F_{j}$ ? $\{1, 2, \ldots,n\}$
$W$ .







$a\in F_{0}$ { $a_{i},$ $a_{j}\geq 1$ ,
\ell } $i,$ $j\in F_{f}$ ,
.
9$S$ , (1) .
$S$ $G$ , $C=\{C_{1}, \ldots, C_{l}\}$ .
, (11) , :
$f_{0}(x)- \sum_{j=1}^{m}f_{j}(oe)u_{r_{j}}(x:A_{r_{j}}^{F_{j}})^{T}V_{j}u_{r_{j}}(x:A_{r_{j}}^{Fg})-p=\sum_{k=1}^{\ell}u_{r}(x:A_{r}^{C_{k}})^{T}W_{k}u_{r}(x:A_{J}^{C_{\mathrm{k}}})$ , $(\forall x\in \mathbb{R}^{n})$
, $W_{k},$ $V_{j}$ $p$ ,
, 7
$p$ $\{$




(13) , $\Sigma_{r}$ $\Sigma_{r_{j}}$ $C$
, (13) $\tilde{Pr}$ ,
H ,







, $\text{ }$ (1) , . ,
$\mathbb{R}^{n}$
$\mathfrak{F}\rceil\Re 1\mathrm{J}_{-}\Re \text{ _{}\overline{J\mathrm{L}}\epsilon \text{ }}$, $u_{r}(x)u_{r}(x)^{T}[succeq] O$
$x\in \mathbb{R}^{n}$ , . , $f_{j}(x)\geq 0$ x\leftarrow ,
$f_{j}(x)u_{r_{j}}(x)u_{r_{j}}(x)^{T}[succeq] O$ $.\text{ }\backslash \backslash$ , , ffl-x\mbox{\boldmath $\tau$}
(1) . :
$f_{0}(x)$ $\{$
$f_{j}(x)u_{r_{j}}(x)u_{r_{j}}(x)^{T}[succeq] O$ , $(j=1, . . . , m)$
$u_{\tau}.(x)u_{r}(x)^{T}[succeq] O$
(1) , , (1)
$/l\backslash$
. , $r_{j}$ , $fj(x)u_{r_{j}}(x)u_{r_{j}}(x)^{T}[succeq] O$ $2r$
, $rj$ .





$E_{0}+ \cdot\sum_{a\in A_{2r}\backslash \{0\}}E_{a}y_{a}$




$D_{j,0}+ \sum_{a\in A_{2r}\backslash \{0\}}D_{j,a}y_{a}[succeq] O$ , $(j=1, \ldots, m)$
$E_{0}+ \sum_{a\in A_{2r}\backslash \{\mathrm{O}\}}E_{a}y_{a}[succeq] O$ , $x^{a}=ya$ ’ $(\forall a\in A_{2r})$
(14)
, $D_{j,0}$ ,Dj, , $f_{j}(x)u_{r_{j}}(x)u_{r_{j}}(x)^{T}$ .
, xa=y , (12) .
, $u_{r}(x)u_{r}(x)^{T}[succeq] O$ $u_{r}(x:A_{r}^{C_{k}})u_{r}(x:A_{r}^{C_{k}})^{T}[succeq] O$, $(k=1, \ldots,\ell)$ ,




, [5] Lasserre ,
, .
, , (12) (13) (1)
. , . , [14]
.
6.1
, , (12) (13) (1)
. (1) $f\mathrm{o}(x)$ , $\epsilon>0$ , $||p||1\leq\epsilon$ $p\in \mathbb{R}^{n}$
, $f\mathrm{o}(x)+p^{T}x$
$\circ$
, . , (1)
, $y^{*}$ $\tilde{x}=$ $(y_{e_{1}}^{*}$ , . .. , $y_{e_{n}}^{*})^{T}$
, $\tilde{x}$ , $f\mathrm{o}(x)+p^{T}x$ (1) , $fo(\overline{x})+p^{T}\overline{x}$
, $\overline{x}$ $f_{0}(x)-+p^{T}.x$ (1)
[14].
, $\overline{x}$ $f_{0},$ $f_{j}$ :






, (1) $h_{k}(x)=0$ $(k=1, \ldots s)\}$ ,
$\epsilon_{\mathrm{f}\mathrm{e}\mathrm{a}\mathrm{s}}$ $=$ $\min\{fj(\overline{x}) (j=1, \ldots, m), -|h_{k}(\overline{x})| (k ; 1, ..., s)\}$
11
. , $\epsilon_{\mathrm{o}\mathrm{b}\mathrm{j}}$ $\epsilon \mathrm{f}\mathrm{e}\mathrm{a}s$ 0 , $\overline{x}$ $f_{0}(oe)+p^{T}x$ (1)
. , $p$
, (1) , .
62
, $||p||_{1}<1.0*10^{-5}$ . , , $F_{i}$
, $Fj$ $C_{i_{1}},$ $\ldots,$ $C_{\mathrm{i}_{q}}$ , $\mathrm{u}_{k=1}^{q}C_{i_{k}}$ ,
$\overline{\Sigma_{r_{j}}}=\{p\in\Sigma_{r}|p=\sum_{\ell=1}^{K}ql(x)^{2},$ $q\ell$ Ar\cup ipk${}_{=1}C_{k_{\mathrm{j}}}\}$
.
, [7] , ,
[14].
(2) (1)
. CPU $2.4\mathrm{G}\mathrm{H}\mathrm{z}$ AMD Opteron 8OGB .
, , SeDuMi L05[13] .
63
, :. Broyden tl.idiagonal [9]
$f_{0}(x)$ $=$ $((3-2x_{1})x_{1}-2x_{2}+1)^{2}+ \sum_{i=2}^{n-1}((3-2x_{i})x_{i}-x_{i-1}-2x_{i+1}+1)^{2}$
$+((3-2x_{n})x_{n}-x_{n-1}+1)^{2}$ .
. chained Wood [1]:
$f_{0}(x)$ $=$ $1+ \sum_{i\in J}(100(x_{i+1}-x_{i}^{2})^{2}+(1-x_{i})^{2}+90(x_{i+3}-x_{i+2}^{2})^{2}+(1-x_{i+2})^{2}$
$+10(x_{i+1}+x_{i+3}-2)^{2}+0.1(x_{i+1}-x_{i+3})^{2})$ ,
, $J=\{1,3,5, \ldots, n-3\}$ $n$ 4 .. generalized Rosenbrock [10]:
$f_{0}(x)=1+ \sum_{i=2}^{n}\{100(x_{i}-x_{i-1}^{2})^{2}+(1-x_{i})^{2}\}$ .
1 . ,
cl.str , $S$ $\lambda \mathrm{g}_{\grave{\mathrm{J}}}\mathrm{g}$ , , 4 $*3_{-}+5*2l\mathrm{h}$ , 4





. chained singular [1]:
$f_{0}(x)$ $=$ $\sum_{i\in J}((x_{i}+10x_{i+1})^{2}+5(x_{i+2}-x_{i+3})^{2}+(x_{i+1}-2x_{i+2})^{4}+10(x_{i}-10x_{i+3})^{4})$
, $J=\{1,3,5, \ldots, n-3\}$ n\sim 4 .. Broyden banded [9]:
$f_{0}(x)= \sum_{i=1}^{n}(x_{i}(2+5x_{i}^{2})+1-\sum_{j\in J_{i}}(1+x_{j})x_{j})2$
, $J_{i}= \{j|j\neq i, \max(1, \mathrm{i}-5)\leq j\leq\min(n, i+1)\}$.
2 . 2 , $\epsilon_{\mathrm{o}\mathrm{b}\mathrm{j}}$ ,
2: chained singular Broyden banded
, (9) ,








, h.ac , $1.0*10^{-9}$ . , $\epsilon_{\mathrm{f}\mathrm{e}\mathrm{a}\mathrm{s}}’$ ,
(1\succ , $\epsilon_{\mathrm{f}\mathrm{e}\mathrm{a}\mathrm{s}}$ . 3 , (12)
, (13)
. , , $\mathrm{e}\mathrm{x}5_{-}2_{-}2_{-}2$-casel ,
.
7
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